We study a possible scenario of the Lorentz symmetry violation background that allows us to build an analogue of the Landau system for a nonrelativistic Dirac neutral particle interacting with a field configuration of crossed electric and magnetic fields. We also discuss the arising of analogues of the Rashba coupling, the Zeeman term and the Darwin term from the Lorentz symmetry breaking effects, and the influence of these terms on the analogue of the Landau system confined to a two-dimensional quantum ring. Finally, we show that this analogy with the Landau system confined to a two-dimensional quantum ring allows us to establish an upper bound for the Lorentz symmetry breaking parameters.
I. INTRODUCTION
The Lorentz symmetry principle, with the development of quantum mechanics, provided a guide for the formulation of a theory which describes the behaviour of elementary particles:
the Standard Model. The search for a fundamental theory has brought the notion of symmetry, phase transition and spontaneous symmetry breaking. The mechanism suggested by Higgs et al consolidated these concepts in the scope of the Weinberg-Salam-Glashow model.
Despite of the tremendous success of the Standard Model, it fails to incorporate gravity as a fundamental interaction, therefore, the description of neutrinos consists in massless particles. In view of these limitations, there are some proposals for extensions of the Standard Model. In this work, we focus our study on a line that extends the spontaneous breaking of symmetry by tensorial fields.
The study of the symmetry breaking for relativistic systems can be extended by considering a background given by the spacetime indices of a tensor with rank n ≥ 1. In magnetic systems, it is well-known that the spontaneous breaking of symmetry is performed by a vector background, where the symmetry group SO (3) is spontaneously broken. A natural extension of this violating background is thinking in a four-vector or tensor background. The background field, in this situation, breaks the symmetry SO (1, 3) instead of the symmetry SO (3). This line of research is known in the literature as the spontaneous violation of the Lorentz symmetry [1] [2] [3] . This new possibility of spontaneous violation was first suggested in 1989 in a work of Kostelecky and Samuel [1] indicating that, in the string field theory, the spontaneous violation of symmetry by a scalar field could be extended. This extension has an immediate consequence: a spontaneous breaking of the Lorentz symmetry. In the electroweak theory, a scalar field acquires a nonzero vacuum expectation value which yields mass to gauge bosons (Higgs Mechanism). Similarly, in the string field theory, this scalar field can be extended to a tensor field. Nowadays, these theories are encompassed in the framework of the Standard Model Extension (SME) [4] as a possible extension of the minimal Standard Model of the fundamental interactions. For instance, the violation of the Lorentz symmetry is implemented in the fermion section of the Standard Model Extension by two CPT-odd terms: a µ ψγ µ ψ and b µ ψγ 5 γ µ ψ, where a µ and b µ correspond to the Lorentz-violating vector backgrounds. From these fixed vector field backgrounds, Lorentz symmetry breaking effects have been investigated in quantum Hall effect [5] , self-adjoint extension [6] [7] [8] , bound states solutions [9] [10] [11] and geometric quantum phases [12] [13] [14] [15] [16] [17] [18] .
Our interest in this work is to study the nonrelativistic quantum dynamics of a Dirac neutral particle interacting with a field configuration of crossed electric and magnetic fields which stems from Lorentz symmetry breaking effects. We discuss the arising of analogues of the Rashba coupling, the Zeeman term and the Darwin term from the Lorentz symmetry breaking effects. Moreover, we study a possible scenario of the Lorentz symmetry violation background that allows us to obtain an analogue of the Landau system, and discuss the influence of the analogues of the Zeeman energy and the Rashba effect [19] [20] [21] [22] [23] [24] [25] [26] 
on this
Landau system confined to a two-dimensional quantum ring [27] . Finally, we show that this analogy with the Landau system confined to a two-dimensional quantum ring [27] allows us to establish an upper bound for the Lorentz symmetry breaking parameters.
The structure of this paper is: in section II, we discuss the nonrelativistic limit of the Dirac equation by applying the Foldy-Wouthuysen approximation [28, 29] , and show the arising of a Rashba-like coupling, a Zeeman-like term and a Darwin-like term induced by Lorentz symmetry breaking effects; in section III, we study a possible scenario of the Lorentz symmetry violation background that allows us to build an analogue of the Landau system for a nonrelativistic Dirac neutral particle interacting with a field configuration of crossed electric and magnetic fields, and the influence of the analogues of the Zeeman energy and the Rashba effect on this Landau system confined to a two-dimensional quantum ring [27] ;
in section IV, we present our conclusions.
II. RASHBA-LIKE COUPLING, ZEEMAN-LIKE TERM AND DARWIN-LIKE TERM INDUCED BY A LORENTZ SYMMETRY VIOLATION BACKGROUND
In this section, we discuss the nonrelativistic quantum dynamics of a Dirac neutral particle interacting with a field configuration of crossed electric and magnetic fields induced by Lorentz symmetry breaking effects. Furthermore, we show that Lorentz symmetry breaking effects can induce a Rashba-like coupling, a Zeeman-like term and a Darwin-like term in the Schrödinger-Pauli equation for a spin-1/2 neutral particle.
Recently, we have introduced a new term into the Dirac equation in order to describe the relativistic and nonrelativistic quantum dynamics of a Dirac neutral particle interacting with a field configuration of crossed electric and magnetic fields induced by Lorentz sym-metry breaking effects [16] . We have shown that the wave function of the Dirac neutral particle acquires a geometric quantum phase that stems from the interaction between a fixed time-like 4-vector and a configuration of crossed electric and magnetic fields given by
where ν is a parameter associated with the Lorentz symmetry breaking, E and B are the electric and magnetic fields, respectively.
In this work, we intend to obtain a Rashba-like coupling, a Zeeman-like term and a
Darwin-like term in the Schrödinger-Pauli equation which stems from the interaction between a fixed time-like 4-vector and a configuration of crossed electric and magnetic fields by applying the Foldy-Wouthuysen approximation [28, 29] . Therefore, we start by modifying the nonminimal coupling proposed in Ref. [16] and writing it in the following form:
where g is a constant, b µ corresponds to a fixed 4-vector that acts on a vector field breaking the Lorentz symmetry violation, the tensorF µν (x) corresponds to the dual electromagnetic tensor, whose components
are defined in the Minkowski spacetime in the form [29] :
with Σ being the spin vector. The matrices σ i are the Pauli matrices, and satisfy the relation
The reason for modifying the nonminimal coupling proposed in Ref.
[16] is that the Lorentz symmetry breaking effects described by the nonminimal coupling
(1) do not induce an effective mass for the Dirac neutral particle given by M = m + ν B 2 , which simplifies our discussion. (1) (in Cartesian coordinates) becomes
From now on, we apply the Foldy-Wouthuysen approximation [28, 29] up to the terms of order m −2 in order to obtain the nonrelativistic limit of the Dirac equation (3) . In this approach, we need first to write the Dirac equation in the form:
where the Hamiltonian operatorĤ of the system must be written in terms of even operator ǫ and odd operatorsÔ as:Ĥ = mβ +Ê +Ô. Both even and odd operators must be Hermitian operators and satisfy the following relations: Ê ,β =Êβ−βÊ = 0 and Ô ,β = Oβ +βÔ = 0. In short, the objective of the Foldy-Wouthuysen approach [28, 29] is to apply a unitary transformation in order to remove the operators from the Dirac equation that couple the "large" to the "small" components of the Dirac spinors. We have that the even operatorsÊ do not couple the "large" to the "small" components of the Dirac spinors, while the odd operatorsÔ do couple them. Thereby, by applying he Foldy-Wouthuysen approximation [28, 29] up to the terms of order m −2 , we can write the nonrelativistic limit of the Dirac equation in the form:
Hence, from Eq. (3), the operatorsÔ andÊ arê
By substituting (6) into (5), we obtain the Schrödinger-Pauli equation
Note that we have defined in Eq. (7) a connection 1-form A eff µ (x) in such a way that the time-like component A eff 0 (x) corresponds to an effective scalar potential, and A eff (x) corresponds to an effective potential vector, that is,
In this way, we can define an effective magnetic field and an effective electric field a
Moreover, we have obtained in Eq. (7) a Zeeman-Like termĤ Z , a Darwin-like term [29] Ĥ D , and a Rashba-like termĤ R given bŷ
Observe that Eq. (7) and B = B 0ẑ (where ρ = x 2 + y 2 , λ is a linear density of electric charges, B 0 is a constant andρ andẑ are unit vectors in the radial and z directions, respectively), we can see that the presence of the effective potential vector given in Eq. (8) yields the arising of a geometric quantum phase in the wave function of the spin-1/2 neutral particle given by φ = −gb 0 E × B · d r = 2π gb 0 λ B 0 as in Ref. [16] . The difference between Eq. (7) and the nonrelativistic equation obtained in Ref. [16] is that there is no presence of an effective mass
Eq. (7), which does not invalidate our approach since the term ν B 2 can be considered very small compared to m, thus, it can be neglected.
Hence, by applying the Foldy-Wouthuysen approximation [28, 29] up to terms of order m −2 , we have new possible scenarios of studying Lorentz symmetry breaking effects that can be determined by effective scalar and vector potentials (8) and by relativistic correction terms that gives rise to a Rashba-like coupling, a Darwin-like term and a Zeeman-like term (10) . Recently, the influence of a Rashba coupling induced by the effects of the Lorentz symmetry breaking (defined by fixed space-like vector and a radial electric field) on a twodimensional quantum ring has been investigated in Ref. [30] .
In particular, the Rashba coupling is important because it is the first relativistic correction that stems from the spin-orbit interaction. It is responsible for splitting states with the same orbital angular momentum l, but with different spin s [20, 29] . This relativistic correction has been widely studied in recent decades in mesoscopic systems [19] [20] [21] [22] [23] [24] [25] [26] .
In this section, we discuss the arising of the Landau system and a Rashba-like coupling induced by a Lorentz symmetry violation scenario in the nonrelativistic quantum dynamics for a spin-1/2 neutral particle. We show that the quantum dynamics established by the introduction of the nonminimal coupling (1) can yield an analogue of the Landau system for a neutral particle proposed in Ref. [31] . The Landau system established in Ref. [31] is based on a moving neutral particle which acquires an electric dipole moment induced by a configuration of crossed electric and magnetic fields, where the Landau system is achieved if the field configuration provides the presence of a uniform effective magnetic field given by
As we have shown in Eq. (9), the same effective magnetic field can be yielded by Lorentz symmetry breaking effects. Thereby, in order to obtain the Landau system and a Rashba-like coupling from Lorentz symmetry breaking effects, let us consider the field configuration of Ref. [31] :
where λ and B 0 are constants, andρ andẑ are units vector on the radial direction and z direction, respectively. Observe that, with the Lorentz symmetry violation background
given by a time-like vector b λ = (b 0 , 0, 0, 0) and the field configuration (11), we have in (9) that
Note that B eff = B and E eff = E. From the point of view of Ref. [31] , the presence of a uniform effective magnetic field B eff given in Eq. (12) gives rise to an analogue of the Landau system for spin-1/2 neutral particle with an induced electric dipole moment. By observing that E eff is present only in the terms of order m −2 in Eq. (7), then, if we neglect these terms, we obtain an analogue system of the Landau quantization as established in Ref.
[31]. However, an interesting case occurs when we consider terms of order m −2 in Eq. (7) because the presence of the effective electric field E eff given in Eq. (12) does not break the analogue system of the Landau quantization, but gives rise to a Rashba-like coupling. 
where
∂ µ is the derivative of the corresponding coordinate system and the parameter h k corresponds to the scale factors of this coordinate system. In our case (cylindrical coordinates), the scale factors are h 0 = 1, h 1 = 1, h 2 = ρ and h 3 = 1. Therefore, the second term in (13) corresponds to a term called the spinorial connection [15, [32] [33] [34] [35] . By introducing the nonminimal coupling (1), the Dirac equation (13) becomes
By following the same steps from Eq. (5) to (8) to obtain the nonrelativistic limit of the Dirac equation (13), then, the Schrödinger-Pauli equation becomes
where we have defined the operator π = p − i ξ, whose vector ξ is given in such a way that its components are −iξ k = − σ 3 2ρ δ 2k . Note that, the vector ξ in (15) corresponds to the contribution from the spinorial connection [15] and gives rise to the relativistic correction termĤ spinorial = − g 4m 2 σ · E eff × −i ξ . From now on, let us consider the presence of a confining potential in order to study the influence of the Lorentz symmetry breaking scenario on a nonrelativistic Dirac neutral particle. We consider the nonrelativistic neutral particle confined to a two-dimensional quantum ring described by the Tan-Inkson model [27] . The Tan-Inkson potential [27] describes the confinement of a quantum particle to a two-dimensional quantum ring and, as a particular case, it describes the confinement of a quantum particle to a quantum dot. The Tan-Inkson model [27] consists in introducing the following scalar potential:
where V 0 = 2 √ a 1 a 2 , a 1 and a 2 are control parameters. For a 1 = 0, we have that the Tan-Inkson model describes a two-dimensional quantum dot. For a 2 = 0, we have that the Tan-Inkson model describes a two-dimensional quantum anti-dot. Thereby, from the Lorentz symmetry violation background defined in Eqs. (11) and (12), the Schrödinger-Pauli equation becomes
Note that ψ is an eigenfunction of σ 3 in Eq. (17), whose eigenvalues are s = ±1. Thereby, we can write σ 3 ψ s = ±ψ s = sψ s . We can see that the operatorsp z = −i∂ z andĴ z = −i∂ ϕ [34] commute with the Hamiltonian of the right-hand side of (17), therefore, we can write the solution of (17) in terms of the eigenvalues of the operatorp z = −i∂ z and the z-component of the total angular momentumĴ z = −i∂ ϕ [38]:
where l = 0, ±1, ±2, . . . and k is a constant. From now on, we consider k = 0 in order to describe a planar system. Substituting the solution (18) into the Schrödinger-Pauli equation (17), we obtain the following radial equation:
where we have defined in Eq. (19) the parameters:
Let us make a change of variables given by ξ = gb 0 λB 0 δ 2 ρ 2 . In this way, the radial equation
In order to obtain a regular solution at the origin, the solution of the second order differential equation (21) is given by
Substituting (22) into (21), we obtain the following second-order differential equation:
Equation (23) is the Kummer equation or the confluent hypergeometric function [36] .
In order to obtain a solution for the equation (23) 
Thus, a normalized radial wave function can be obtained if we impose that the hypergeometric series becomes a polynomial of degree n. This makes the radial wave function to be finite everywhere [37] . Hence, a finite radial solution for Eq. (23) 
where ω = gb 0 λB 0 m corresponds to the angular frequency.
Hence, the energy levels (24) are characterized by different contributions that arise from the Lorentz symmetry breaking scenario defined in Eqs. (11) and (12) . The first contribution is obtained by analogy with the Landau system studied in Ref. [31] confined to a twodimensional quantum ring [27] . In this case, the energy levels associated with the analogue of the Landau system for a spin-1/2 neutral particle induced by Lorentz symmetry breaking effects confined to a two-dimensional quantum ring are:
It is worth mentioning that the parameter δ given in Eq. (20) must be a positive number, that is, δ > 0. In this way, we have that both the radial equation (19) and the energy levels 2 as given in Ref. [27] , then, we obtain the following upper bound for the Lorentz symmetry breaking parameters
On the other hand, the other contributions to the nonrelativistic energy levels (24) correspond to the analogue of the Zeeman energy,
, and the relativistic correction terms:
which arise from the terms H R , H D and H spinorial induced by Lorentz symmetry breaking effects. Note that the first term of Eq. (27) corresponds to an analogue of the Rashba energy which has been widely explored in studies of the Rashba coupling in condensed matter systems [19] [20] [21] [22] [23] [24] [25] [26] .
Hence, the effects of the violation of the Lorentz symmetry on the nonrelativistic Dirac neutral particle yield an analogue of the Landau system confined to a two-dimensional quantum ring. Moreover, we can see that the effects of the Lorentz symmetry violation background also yield a contribution to the energy levels (5) that corresponds to an analogue of the Zeeman energy. The relativistic correction terms induced by Lorentz symmetry breaking effects yield new contributions to energy levels (25) associated with the analogue of the Landau system confined to a two-dimensional quantum ring, where one of them is analogous to the Rashba effect [19] [20] [21] [22] [23] [24] [25] [26] .
IV. CONCLUSIONS
In this work, we have introduced a new coupling into the Dirac equation in order to study the arising of a Rashba-like coupling, a Zeeman-like term and a Darwin-like term in the Schrödinger-Pauli equation for a spin-1/2 neutral particle interacting with a field configuration of crossed electric and magnetic fields in a Lorentz symmetry violation background.
We have shown, by considering a scenario of the Lorentz symmetry violation defined by a fixed time-like vector and the field configuration (11) , that an analogue of the Landau system can be achieved. Then, by including a confining potential which describes a two-dimensional quantum ring, we have obtained energy levels characterized by different contributions that arise from the Lorentz symmetry breaking effects. The first contribution to the energy levels is associated with the analogue of the Landau system for a spin-1/2 neutral particle confined to a two-dimensional quantum ring. Another contribution corresponds to the analogue of the Zeeman energy, while the remaining contributions correspond to the relativistic correction terms that gives rise to the analogue of the Rashba effect [19] [20] [21] [22] [23] [24] [25] [26] . Furthermore, we have shown that this possible scenario allows us to establish an upper bound for the parameters of the Lorentz symmetry breaking. Despite the difficulty of detecting Lorentz symmetry breaking effects and compare with any experimental data, this study allows us to perform an analytical analysis of the relativistic corrections terms, and opens new discussions of investigating the effects of the violation of the Lorentz symmetry at low energies.
